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Abstract 


In this paper, we systematically study jump and variational inequalities for rough opera¬ 
tors, whose research have been initiated by Jones et al. More precisely, we show some jump 
and variational inequalities for the families T := {T'e}e>o of truncated singular integrals and 
A4 := {Mt}t>o of averaging operators with rough kernels, which are defined respectively by 



and 


Mtf{x) = ^ f - y)dy, 


Mtf{x) = ^ / 
'' -IW 


J\v\<i 


where the kernel VL belongs to Llog^L(S”“^) or or (the condition in¬ 

troduced by Grafakos and Stefanov). Some of our results are sharp in the sense that the 
underlying assumptions are the best known conditions for the boundedness of corresponding 
maximal operators. 

1 Introduction 

The jump and variational inequalities have been the subject of many recent articles in probability, 
ergodic theory and harmonic analysis. The first variational inequality was proved by Lepingle 
|28] for martingales (see |33] for a simple proof). Bourgain [1] is the first one using Lepingle’s 
result to obtain similar variational estimates for the ergodic averages, and then directly deduce 
pointwise convergence results without previous knowledge that pointwise convergence holds for 
a dense subclass of functions, which are not available in some ergodic models. In particular, 
Bourgain’s work [4] has inaugurated a new research direction in ergodic theory and harmonic 
analysis. In their papers Jones and his collaborators systematically studied 

jump and variational inequalities for ergodic averages and truncated singular integrals (mainly 
of homogeneous type). Since then many other publications came to enrich the literature on this 
subject (cf. e.g. [E], [27|, [H], [25], MM, III)- Recently, several works on weighted and 
vector-valued jump and variational inequalities in ergodic theory and harmonic analysis have 
also appeared (cf. e.g. [30], |26|, |2T], [T9|, [20] j. 

Let us first recall some dehnitions and known results, then state our results. 

1. q-variation norm ||a||\/,j of a family a of complex numbers 

Given a family of complex numbers a = {at : t € M} and g > 1, the (^-variation norm of the 
family a is defined by 



k>l 

where the supremum runs over all increasing sequences {t^ : /c > 0}. It is trivial that 


( 1 . 2 ) 



a|Roo 


(R) := sup |at| < ||a||y^ for q>l. 
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2. Strong q-variation function Vq{F){x) of a family if of functions 

Via the definition (tni) of the g-variation norm of a family of numbers, one may define 
the strong g-variation function Vq{J-) of a family of functions. Given a family of Lebesgue 
measurable functions J- = {Ft : t € M} defined on M”, for fixed x in M"", the value of the strong 
g-variation function Vq(F) of the family V at x is defined by 

(1-3) Vq(F)(x) = ll{Ft(x)}tmllv„ g>l- 

Usually, the measurability of the strong g-variation function is not automatically available. 
However, all the strong g-variation function considered in the present paper are measurable, see 
e.g. [B] or [2B] for some explanations. 

Suppose A = {At}t>o is a family of operators on (1 < p < oo). The strong g-variation 

operator is simply defined as 

Vq{Af){x) = \\{At{f)ix)}t>o\\v„ V/ € LP(M-). 

It is easy to observe from the definition of g-variation norm that for any x if Vq{Af){x) < oo, 
then {At{f){x)}t>o converges when t —)• 0 or t —>• oo. In particular, if Vq{Af) belongs to some 
function spaces such as or then the sequence converges almost everywhere 

without any additional condition. This is why mapping property of strong g-variation operator 
is so interesting in ergodic theory and harmonic analysis. 

3. jump function N\{F) of a family F of functions 

Given a family of Lebesgue measurable functions F = {Ft : t G M} defined on M”, for A > 0 
and X G M"', the value of the A-jump function N\{F) at x is defined by 

N\{F){x) = sup {V € N : si < ti < S 2 < t 2 < ■ ■ ■ < sjv < In such that \Ft^{x)—Fsf,{x)\ > A}. 

By 13], for a function family F = {Ft : t G M}, A > 0 and q > 1, the A-jump function N\{F) 
is pointwisely controlled by the strong g-variation Vq{F) in the following sense, 

(1.4) XiNxiF)ix))^/‘^ <CqVq{F){x), xGM^ 

where Cq = On the other hand, in 2008, Jones, Seeger and Wright gave the following 

result. 

Lemma 1.1. ([25]) Let Pq < p < pi and A = {At}t>o be a family of operators. If for all 

po <p < pi, 

sup\\X{Nx{Af)f^\\p<Cp\\f\\p, 

A>0 

then for all po < p < pi and for all q> p, \\Vq{Af)\\p < Cp^q\\f\\p . 
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This lemma gives a converse inequality of (II.4p in some sense. 

4. Family T of truncated singular integral operators 

Recall the C alder on-Zygmund singular integral operator T with homogeneous kernel is de¬ 
fined by 

(1-5) r(/)(x) = p.v. / ^^^f{x-y)dy, 

\y\ 

where 14 € satisfies the cancelation condition 

(1.6) [ Ll{y')da{y') = 0. 

Let T = {Ts}e>o^ where is the truncated operator of T defined by 

(1.7) r./w = 

The famous Hilbert transform H, which is defined by 

(1.8) H{f){x)=p.v.- [ ^dy, 

'n: J^x-y 

is the example of the homogeneous singular integral operator Tq^ when the dimension n = 1. 

In 2000, Campbell et al [6] hrst considered the U’{'R) {1 < p < oo) boundedness of the strong 
g-variation operator of the family of the truncated Hilbert transforms denoted by 44 := {He}e>o. 
As a corollary, the authors of [6] obtained the boundedness of A-jump function for Hilbert 
transform associated to q with q > 2. The proof depends on a special property of Hilbert 
transform H. That is, can be written as a combinations of certain convolution operators, 
which in turn can be written as combinations of differential operators. 

In 2002, Campbell et al [7] gave the LP(R^) boundedness of the strong ^-variation operator 
of T, the family of homogenous singular integrals with Q G Llog~^L(S^~^) and n >2. 

Theorem A. ([7]) Suppose H satisfies (|1.6I) and D G Llog“''L(S"'“^). If q > 2, then for 
1 < p < oo and f G the strong q-variation function Vq{Tf){x) G LP(M"'). In particular, 

ll^g(7~/)llLP(R") ^ Cp^q^n\\f\\LP{R^)^ 

where and in the sequel, the constant Cp^q^n > 0 depends only on q,p,n. 

The basic idea of proving Theorem A is classical, that is, the authors applied the Calderon- 
Zygmund rotation method to reduce the desired variational inequalities to the one dimensional 
results. The A-jump inequalities associated to q > 2 were obtained as a corollary by (II.4p . 
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In 2008, using the Fourier transform and square function estimates given in [13], Jones, 
Seeger and Wright [25] developed a general method, which allows one to obtain some jump 
inequalities for the family of truncated singular integral operators T = {T^}e>o and the other 
integral operators arising from harmonic analysis. 

Theorem B. ([25]) Suppose satisfies (|1.6I1 and Q G for r > 1. Then X-jump 

inequality sup;^>o 11-^\/ ^\{'T'f)\\LP{R^) < C'p,n||/||LP(K") (1 < P < oo) holds, where and in the 
sequel, the constant Cp^n > 0 depends only on p and n. 

Notice the following well known inclusion relations between some function spaces on 

(1.9) L°°(S"“^) C L^(S^-^) (1 < r < oo) C Llog+L(S”"^) C ifi(S"“^) C L\S"“^), 

where and in the sequel, denotes the Hardy space on the definition and some 

facts on can be found in [8], [29] and [3l] . 

Thus, (II. 9p inspires us to consider the question: whether the conclusions of Theorem A and 
Theorem B are still true if 12 G The first main result in this paper gives an answers 

of the above question. 

Theorem 1.2. Let T he the family of truncated singular integral operators given in dni) and 
12 satisfies (II.6p . 

(i) If Q & then for all q > 2 and 1 < p < oo, the following strong q-variation 

inequality holds 

(1-10) ll^g(7”/)||LP(]R") < C'p,g,n||/||LP(M")- 

(ii) If II & L log“'“L(S"'“^), then the following X-jump inequality holds 

(1.11) sup ||A\/A'a(T/)||lp(]R") < C'p,n||/||LP(K-) for all 1 < p < OO. 

A>0 

Remark 1.3. Prom the relation (|1.9p . it is easy to see that the conclusion (i) of Theorem 11.21 is 
an essential improvement of Theorem A by (II.9p . Similarly, the conclusion (ii) is also an essential 
improvement of Theorem B. 

Remark 1.4. It is well-known that 12 G R^(S"“^) is the best condition for the boundedness 
of maximal singular integral operator. However, we would like to point out that it is still not 
clear whether the estimate (|l.lip holds for 12 G up to now. So, this remains an open 

problem. 
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In 1998, Grafakos and Stefanov [l 6 ] introduced alternative conditions on O to study LP 
boundedness of maximal singular integral operators. More precisely, they considered the family 
of conditions 

( 1 . 12 ) : sup [ |n( 6 ')|(log< ool, a > 0 . 

It is known from [16] and m that 

u L’'(s"-i) c Pi 

r>l q:>0 

P aa(S"-l) ^ Llog+L(S”-l) ^ P aa(S"-l), 

a >0 Q !>0 

P aa(S--l) ^ 

Q>0 

Hence, it is of interest to ask whether the jump and variational inequalities hold for the family 
T of truncated singular integral operators if H € ^q. for some a > 0 ? This constitutes the second 
result of this paper. 

Theorem 1.5. Let T he the family of truncated singular integral operators given in (HZI), n 
satisfies (HSI) and H G for some a > 1. Then the following X-jump inequality 

(1-13) sup \\X^Nx{Tf)\\Lv(n-) < 

A>0 

holds for all (3 + q:)/( 1 + a) < p < (3 + a)/2. In particular, if Ll G no>i then (|1.13|1 

holds for all 1 < p < oo. 

The associated strong < 7 -variation inequality is an immediate consequence of Theorem 11.51 by 
Lemma 11.11 

Corollary 1.6. Under the same conditions as Theorem \1.5l the strong q-variation inequality 

\\Vq{Tf)\\LP{R^) < Cp^q,n\\f\\LP{R^) 

holds for all q > 2 and (3 + q;)/( 1 + a) < p < (3 + a)/2. In particular, the above estimate holds 
for D G nQ!>i and all 1 < p < 00 . 

Remark 1.7. In |14] . the author showed the associated maximal singular integral operator, 
that is the strong oo-variation operator, is LP-bounded for (1 + 2 q;)/( 2 q:) < p < 1 + 2 q: and 
a > 1 / 2 . So we think the scope of p in Corollary 11.61 is not optimal, and it is very interesting to 
enlarge the scope of p depending on q. 
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The main sketch of proving Theorem 11.21 and Theorem 11.51 are taken from [7] and [25] . 
That is, we first reduce the A-jump estimate to short 2-variation estimate and dyadic A-jump 
estimate (see the beginning of the next section for related definitions and statement); then use 
the rotation method or the vector-valued singular integral operator theory to deal with short 
2-variation operators; and use Fourier transform and square function estimates to obtain dyadic 
A-jump estimate. 

However, the underlying details are substantially different due to the kernels being quite 
rough. For instance, firstly when Q G L log"*" L(S”’“^), it follows from |13j that unlike the case 
H G (r > 1) the decay of Fourier transform of associated kernel is not available any 

more, and we have to decompose H into pieces having polynomial decay as done in |2|. In order 
to finally sum all the pieces to conclude the desired result, we exploit some subtle calculations 
to get sharp bounds for each piece in obtaining dyadic A-jump estimate. 

Secondly when Q G to obtain the short 2-variation estimate, first of all, the rotation 

method seems not to work here. Instead, we appeal to the vector-valued singular integral operator 
theory, which has been made use of by Jones et al [25| for averaging over spheres and curves. 
But in our case, the kernel being rough brings us a lot of difficulties in both obtaining the 
estimate and verifying the Hormander condition. 

5. Family M of the averaging operators with rough kernel 

The third aim of the present paper is to establish some jump and variational inequalities for 
the family J\A = {Mt}t>o. Here Mt denotes the averaging operator with rough kernels defined 
by 

(1-14) Mtf{x) = ^[ n{y')f{x-y)dy, 

where H G L^(S"'“^). 

The motivation of considering the family M = {Mt}t>Q is two-fold. Firstly, in the case H = 1, 
the jump and variational inequalities for the family M = {Mt}t>o have been well studied in 
|6| and [23|, which were based on the 1-dimensional results |1] and |22] . Secondly, the maximal 
operator associated with A4 = {Mt}t>o 

M*(/)(x) = sup^ / My')f{x-y)\dy, 
t>o t"- J\y\<t 

plays a very important role in studying rough singular integral operators (see |35|, US], |9|, m 
or [29] for more details). 


Theorem 1.8. Suppose the family M. = is defined in (I1.14h . 
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(i) If D £ or L(log'''-L)^/^(S"' and 1 < p < oo, then the X-jump inequality for 

the family A4 holds. That is, there exists Cp^n > 0 so that 

(1-15) sup IIA-x/ Nx{Mf)\\LP{Rri) < Cp^n\\f\\LP{R^)- 

A>0 

(ii) If D £ then for q > 2 and 1 < p < oo, the strong q-variation inequality for the 

family M holds. That is, there exists Cp^q^n > 0 so that 

(1-16) \\Vq{Mf)\\LP(M.^) < Cp^q,n\\f\\LP{R^)- 

The idea of the proof of Theorem 11.81 is similar as that for Theorem 11.21 That is, we use 
the rotation method to show (I1.16|) and discrete Marcinkiewicz integrals to deal with associated 
dyadic A-jump estimate. 

Remark 1.9. Note that both and L(log“^L)^/^(S”“^) contain Llog“'"L(S"'“^), but 

they do not contain each other (see e.g. m)- It seems difficult to get (I1.15|) using only the 
method in the present paper for Q £ since which is not sufficient for boundedness of 

Marcinkiewicz integrals. 

The proofs of Theorem 11.21 Theorem 11.51 and Theorem 11.81 will be given in Sections 2, 3 and 
4, respectively. 

2 Proof of Theorem 11.2 

We shall mainly show Theorem ll. 21 111. the A-jump estimate (II.lip , while Theorem ll.2f il will be 
obtained in the course of the proof. Let us start with recalling the strategy taken by Jones et al 
[25] . Let T = be a family of functions. For j G Z and x £ M”, define 

/ N-l . 1/2 

V 2 jiH)ix) = ( sup \Fti+iix) - Ft,ix)\‘^ 

k;,ti+l]C[2L2^+l] 

and the short 2-variation operator 

/ \ 1/2 

s2{f){x) = (Y[y2A^)i^)?) • 

We also define dyadic X-jump function as follows: 

nAF){x) = sup {3 ji < fci < j 2 < ^2 < • • • < Jn < kN, s.t. \F.^ki (x) - F.^ji (x)| > A}. 

Nm 

Then the following pointwise comparison holds. 
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Lemma 2.1. (see [251 Lemma 1.3]) 

AViV,(J-)(x) < c(52(J-)(x) + A^iV,"/3(7-)(x)) 

uniformly in X > 0. 

Lemma l2 .1 1 reduces the desired estimate 


WXy/Nx{Af)\\LP(Rr,) < C'p||/||ip(Rn) 

for any fixed 1 < p < oo to 

(2.1) I|Ay^^a(AI/)IIlp(K") < C'pII/||lp(R") 

and 


( 2 . 2 ) 


||‘S' 2 (Al/)||i:,p(Kn) < C'p||/||x,p(Kn) 


for any family of linear operators A. 

Let T be a family of truncated singular integrals of homogeneous type. In [7], the authors 
established estimate (|2.2I) for G L log"*" L(S"'“^) using the rotation method. In the following 
subsection, we observe that the rotation method works also in the case 11 G Whence 

we obtain the strong g-strong estimate (11.101) . which is Theorem II.2l iL 

While in |25] . the authors showed estimate m for G L^(S” ^) making use of the poly¬ 
nomial decay of Fourier transform of the measure n defined by 

n(x/|x|) 


f) = 


'i<hl<2 


-f{x)dx. 


In the second subsection, we show that actually estimate (12.11) is still true for G L log"*" L(S”“^) 
even though the polynomial decay of Fourier transform of the measure n is not available as 
explained in the Introduction. Thus we obtain (|l.lip . which is Theorem II.2l fiiL 


2.1 Proof of Theorem II.2l( i) 

As observed in [7], the rotation method allows us to obtain simultaneously short 2-variation 
estimate and strong g-variation estimate since both estimates for the family of truncated Hilbert 
transforms have been established in [6]. In [7], they provided the proof of strong g-variation 
estimate. In the present paper, we give a sketch of the proof of short 2-variation. 

Proposition 2.2. Let T he given as in (II.7p . H satisfies (|1.6p and H G Ff^(S” ^). Then 

l|S' 2 (T/)||LP(Kn) < Cp||/||ip(Kn) for 1 <p<oo. 

The same inequality holds for the strong q-variation operator Vq{Tf) with q > 2. 
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To prove Proposition 12.21 by the Calderon-Zygmund rotation method, we need the following 
known result in one dimension case. 

Lemma 2.3. ([U Theorem 1.4]) LetH = be the family of truncated Hilbert transforms. 

Then 

\\S 2 {Hf)\\LP(M.) < CpWfWiPiR) for 1 <p<oo. 

Similar statement holds true for Vq{Hf) with q > 2. 

Proof. Let us turn to the proof of Proposition 12.21 Since 11 G and satisfies (|1.6jl . it is 

easy to check that we may write H = Hq + He; where Hq is odd and Hg is even, and both of them 
belonging to as well as satisfying cancelation condition ()1.6I) . Thus, we need only to 

prove Lemma 12.21 for 11 is odd and even, respectively. The following proof is based on the idea 
of [7], we cite some estimates there for the sake of completeness. 

Case 1. H is odd. For an interval I C (0, oo), let 

f[x - si) 


Hif{x) = / - ds, 


where 1 = (1,0, ••• ,0). For simplicity, we denote by H^, and set = {Lf£}£>o. Let 

y' = y/\y\ ^ and a be the rotation on M”. We dehne the rotation of a function by 

{Raf){x) = f{crx). Let da denote Haar measure on SO{n), normalized so that fso{n)^^ ~ 
18”“^I, the Lebesgue measure of 8""“^. Then by [361 p.222], we have 


(2.3) 


-/(x - y)dy = ^ [ {R^-iH}R^ f){x)n{al)da{y') 

lso(n) 


4ie/ |y|" ^ 2 

For fixed j G Z, there is a partition {/ij} = {/ij(x)} of [2^, 2l+^] such that (see m) 

[ I r 1 

V2Arf){x) <2 ^ I- / iR,-rHlH^f){x)n{al)da{y')f 

I i 2 Jso{n) 

Further, by Minkowski’s inequality, we get the following estimate 
(2.4) 


S 2 {Tf){x) < / R„-,S 2 {H}Raf){x)\D{al)\da{y') 

JSO{n) 


For 1 < p < oo, using Minkowski’s inequality and Lemma 12.31 we have 

i/p 

( / R^-,\S2{n^R.f){x)\^dx] 

<SO(n) 


l| 52 (r/)||iP(M.) < [ ( [ R^-i\S2in^R.f)ix)\^dx) ^'’\nial)\da{y') 

JsOin) / 


<Cp 


f l|7?a/||LP(K")|ll(<7l)|df7(y') 

JSO{n) 

< C'p||H||x,l(Sn-l)||/||p^p(Kn). 


(2.5) 
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Case 2. Q is even. It is well known that / = — ^if for any Schwartz function /, 
where Ri denotes the Riesz transform. For fixed /, we denote —Rif by gi. Let $ be a infinitely 
differentiable function on M such that = 0 if t < and ^{t) = 1 if t > |. Moreover, 
0 < $(t) < 1 for all t G M. Define 


Mi{x) = lim / 

J\x—y\>£ \y\ 




\x - 


By [a p.302], we know that 


£ £ Jr" £ 


lx - y\^ 


Hence we have 


Tef{x) = J2~ - -)9i{y)dy 

i=i ^ dRri e 

n 

= : * 9 iix) - T°f{x). 




2=1 


Note that S 2 is subadditive, then 

n 

S 2 {Tf){x) < Y,S 2 {{M,,e*gi}){x)+S 2 {{T^f}){x). 
2=1 


To estimate 52({Mj^£ * gi}) {i = 1,2, ■ ■ ■ , n), it suffices to consider the case i 
cases can be treated similarly. Define 


( 2 . 6 ) 


N(x) = lim 
£—^0 


i 


\X-V\>£ 


^{y) xi - yi 

\y\a I3, _ y|n+l 


Write 


1 and the other 


Mi^e * giix) =-^ [ N{-)gi{x-y)dy + \ [ iV(-)^>(-)sri(x - y)(iy 

^ J\y\>£ ^ ^ ^ ^ 

+ ^/ [Mi(^)-N{^)<l>(^)]gi{x-y)dy 

£ J\y\<£ ^ £ e 

+ f[, WlJ)-Nj)]g,(x-y)dy 

^ J\y\>£ ^ ^ 

=: Ne * gi{x) + Wf * gi{x) + * gi{x) + * gi{x). 


Hence, we are reduced to estimate the norm of the following terms 

S2({A^.*5i})(x), 52({Af *5i})(x), 52({A,*5 i})(^), S2{{D,*g^}){x), S2{{T^J}){x). 


The estimate of 5'2({A£ * gi}) depends on the following result. 
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Lemma 2.4. ([E]) Suppose Ll satisfies (jl.6h and belongs to H^{S^ N{x) is given in (j2.6p . 
Then N satisfies the following properties: 

(i) N{x) is a homogeneous function of order —n on M"'; 

(ii) N{-x) = -N{x), X G M”; 

(iii) |^(a:')| da{x') < C'||Q||j^i(sn-i). 

By the result showed in Case 1, Lemma 12.41 and the (1 < p < oo) boundedness of Riesz 
transform, we obtain the estimate 


||>S'2({-^e * 5 i})IIlp(R") < C'p1|9i||lp(M") ^ Cp\\f\\LpQ^ny 

To estimate the other four terms, we give a lemma. 

Lemma 2.5. For any u G letipu be a function defined on [0, oo) andTu{s) = )}£>o- 

If there exists a constant Cp independent of u such that 

\\S2{Fu * /i)llLP(R) < C'p||/i||LP(R), 1 < P < OO, 

then 

I|5'2 (^/)||lp(R-) < Cp\\f\\LP(^^r^^, 1 < P < oo, 
where Qf = {Gef}e>o and 

POO 

D{u) / ipu{t)f{x — £tu)dtda{u) 

Jo 

with n G 



Proof. In the same way as the proof of (12.4p . we have 

S 2 {Gf){x)< [ \n{al)\R^-iS 2 {l^Raf){x)da{u), 

J SO(n) 


ISO{n) 

where a is the rotation such that al = u, 


1 


^^fix) = {dlfix)}s>o and l}f{x)= / -(pi{r/e)f{x - rl)dr. 

Jo ^ 

By Minkowski’s inequality and hypothesis, we have 

1152(0/)||lp(r.) < / |b!(^Tl)|( / \S 2 {I^Raf)ix)\Pdx) ^"'daiu) 

JsO(n) V JW^ / 

< C’p||n||^l(Sn-l)||/||iP(Rn). 


□ 
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Now we continue the proof of Proposition 12.21 It was proved that all the kernels of T®, Nf, 
Ag and have a representation that satishes the hypothesis of Lemma 3.4 in [TJ p.2124], and 


f 


t\v>uit)\dt < oo. 


Thus, we get 


||S'2(T'n * h)llip(K) < C'p||/l||ip(K) 


for 1 < p < oo according to Lemma 2.4 in [6]. Therefore, Lemma 12.51 and the boundedness 
of Riesz transforms imply that 


||5'2({1V^ * S'!}) IIlp(K’^) + ||‘52({Ae * 51}) 11 Lp (R'*) + ||5'2({Tl£: * 5l}) IIlp(R'») + ll‘52({T'£ /})||i,p(K") 
— CpII/IIlp(R")- 

This completes the proof of Proposition 12.21 and (|1.10l) follows. □ 


2.2 Proof of Theorem 11.2( ii) 

As explained at the beginning of this section, it suffices to deal with dyadic A-jump estimate. 
Proposition 2.6. Let T he given as in (11.71) with P € Llog’''L(S"' satisfying (II.6p . Then 

11-^^a(’^/)IUp(K") < C'pll/lll,P(R'i)- 


Proof. For j € Z, define a measure uj by 

Uj * f{x) = j 
72. 

Obviously, for fc G Z, 


^{y) 

2 i<|y|< 2 i+i \y\^ 


fix - y)dy. 


T2kf{x) = [ ^^fix - y)dy = fix). 

7 m> 2 '= \yr 

Let (j) G ^(SP) be a radial function such that (^(^) = 1 for |^| < 2 and $if,) = 0 for |^| > 4. We 
have the following decomposition 


T2kf = 4>k*Tf — l^k+l * f + ^(<^0 - <fk) * Vk+s * / 

l<0 s>0 

■.= Tlf-Tlf + Tlf, 
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where (j)^ satisfies (pkiO = <^(2^0 (5o is the Dirac measure at 0. denotes the family 

{Tlf}k£Z for i = 1,2,3. Obviously, to show Proposition 12.61 it suffices to prove the following 
inequalities: 

(2-7) ll'^[-^A/3('^*/)]^^^lliP(K") — ^pll/llir(®")> 1 < P < OO, f = 1,2,3. 

Estimate of (12.71) for i = 1. We need the following result, which has been essentially included 
in Theorem l.l(i) of |25j . However some details there were omitted, we add these details for 
completeness. 

Lemma 2.7. Let 4>k be given above, set '^/ = {4>k * f}k- Then for 1 < p < oo, 

(2-8) ||Aa/A^a('^/)||lp(R") < C'p||/||2,P(Kn) 

holds uniformly in X > 0. 

If we accept Lemma 12.71 for a moment and combine it with the L^-boundedness of T (see 
0 ), we can get the following estimate easily 

l|A[iVA^(=^V)]'/'llLP(R^) = WmxiWk * < (7p||t/|Up(r.) < Cp||/|Up(„.). 

Hence, to estimate (12.7p for z = 1 it remains to prove Lemma 12.71 

Proof. We borrow some notations and results from [251 pp.6724]. For j € Z and /3 = (mi, • • • , m^) G 
Z"", we denote the dyadic cube 0^=1 ("^A:2-^, (m^ + 1)2-^] in M"" by and the set of all dyadic 
cubes with side-length 2^ by Dj. The conditional expectation of a local integrable / with respect 
to Vj is given by 

^jfix) = '^ [ fiy)dy ■ xq{x) 

for all j € Z. Note that Nx is subadditive, then 

Nx{^f)<Nx,2{&f) + Nx,2{<^f), 


where 


&f = {(t>k*f-^kf]k and Sf = {Kkf}k. 


The following inequality is the A-jump estimate for dyadic martingales (see, for instance, m), 


IIA^/ Nx/ 2 {<^ /)||lp(R'i) < C'p||/||l,P(M")) 1 < p < oo 
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uniformly in A. Next, observe that 

X^/Nx/2{^f) <C{J2\^k*f- ■■= Sf. 

kez 

On the other hand, for x € M” and j € Z, let Dj/(x) = Ej/(x) — Ej_i/(x). Thus, by 
/ G LP(M”') and the Lebesgue differential theorem we see that 

f{x) = — ^ Ojf{x) a. e. X G M”. 
j 

By Lemma 3.2 in [25], we have 

k j 

k j 

(2.9) < CeiY, ^ C/0|I/IIl2(RO 

j 


for some 6 > 0. 

Jones et al have proved the following weak-type (1,1) estimate for S, 

(2.10) a\{x G : Sf{x) > a}| < C'||/||ii(R™), 

which is (33) in [25]. By interpolation, (12.91) . ()2.10p . imply all the bounds for 1 < p < 2. 
For 2 < p < oo, by Holder’s inequality, we have 

f sup I / ^[4 */(x)-Efc/(x)]/ifc(x)dx| 

= sup 1/ '^[4>k*hkiy)-l^khk{y)]fiy)dy\ 

< sup II y^[</>fe * /ifc - Efc/lfc]||^p/,^,iJ|/||j;,p(Rn). 

It suffices to show that 

(2.11) II ^ * dk — Efc/lfc] II j;^p'CRn) ^ ^ll{^fc}ll lp' (i^) ’ ^2. 

k 

Clearly, the following estimate is a consequence boundedness of S by duality 

*hk- Efc/lfc]||2,2(Rn) < C'||{hfc}||2,2(i2). 
k 


( 2 . 12 ) 
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Therefore, we just need to prove that, if {hk} € L^{r), then 


(2.13) 


C, 


\{x G M'" : I ^[(j)k * hk{x) - Kkhk{x)]\ > a}| < —||{hfc}||i,i(P), 


where a > 0 and C is independent of a and {hk}- In fact, by interpolation between (|2.12ll and 
(I2.13p . we get (12.lip . 

For a > 0, we perform C alder on-Zygmund decomposition of ||{hfc }||;2 at height a, then there 
exists A C Z X Z"' such that the collection of dyadic cubes {Q^}(j,/3)eA disjoint and the 
following hold: 

W IU(j,/3)GAQ;al < 

(ii) \\{hkix)}\\i 2 < a, if a: 0 Uo',/ 3 )gA <3^; 

(iii) 1 ^ \\{hk{x)}\\i 2 dx < 2'^a for each (j,/3) G A. 

For /c G Z, we set 

^ ^ 1 hk{y)dy, if x G {j,}) G A. 


and 


6W(x)= [hk{x)-Ejhk{x)]xQAx) := Y 
(iA)6A (i,/3)eA 

First we have < 2a||{/ifc}||^i(;2). In fact, by (ii),(iii) and Minkowski’s inequality, 




L2(P) 


L'^u.neAQpY 


< Oi 


/ 

J(U 


\\{hk{x)}fi 2 dx + Y [ [ hk{y)dy\‘^dx 

\\{hk{x)}\\i 2 dx+ 2^a Y [ \\hk(,x)\\i 2 dx 


'(Uo.«6AQp- 
< 2"a||{/ifc}||Li(z2). 

On the other hand, it is easy to see that 

f b^^l{x)dx = 0 for all k gZ, (j,/3) G A, 

and ||{&^^^}||l 1 (z 2 ) < 2\\{hk}\\L^(^i2y In fact, by (hi) and Minkowski’s inequality, 
(i,/3)GA“'‘5^ k 


< 


Y /^(^l^fc(x)P)^/2^x+ ^ / (^1^ / hfc(y)(iy|2)^/2dx 

fl-icA k (j,/3)6A "'^'9 k 


{j,^)eA-'^P k 

< 2 ||{/lfc}||il(; 2 ) 


Iq^p fc \Q0\ JQi 
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Thus, for above a, by (j2.12p . 


a‘^\{x G M" : \Y^[^k * {x)]\ > a}| < CH Y^[^k * 9 ^^^ - 

k k 

<C||{9<‘')|li.,p)<Ca||{ftUlll.(i>)- 


So, we get 


C. 


|{x G M- : I Y^[<Pk * g^’^Hx) - eJ^\x)]\ > a}| < -\\{hk}hHi^y 


Let <5^ be the cube concentric with and with side length 4 times that of It is obvious 
that 


(2.14) 


C, 


U Q^ 0 \<C Y. \Q^p\<Y^hk}\\L^y 2 y 


(h/3)6A (i,/3)6A 

ik') 7 ik) 

Note that lE^kbj y is supported in when k < j and ^ vanishes everywhere when k > j. 


'J 




a\{x ^[jQy.\Y}jl^k*b^^\x)-¥.kh^^\x)]\> a}\<C Y - \ 4 >k * b^^kx)\dx. 

By [25l (34) and (35), p.6726], the inequality 

f \(f>k*bflix)\dx f \bfl{x)\dx 

J{Q^pY 

holds for some <5 > 0. Applying Holder’s inequality, we get 

E E/-^ \<t^k*b^S^{x)\dx<c Y 


(i,/ 3 )GA k 


(h/ 3 )eA k 


dx 


E / (Ei'>71wn 

< c* E - ^\\{hk}\\L^{p)- 

(i,/3)6A 


This completes the proof of Lemma 12.71 □ 

Estimate of (|2.7I) for i = 3. First, let us give a decomposition of H G Llog“'"L(S"' ^) satisfying 
m, which can be found in [2] or [T]. For m G N, denote 

E^ = {y'eS^-^:2^-^<\n{y')\<2^} 
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and 


Set 


Dm — ll^^ll 


DXErr. - 


™- ICn—11 


Dda 


r = {m G N : a{Em) > 2"^™} and Dq = D - 


mgr 


Lemma 2.8. (see [2] or [T]) Suppose that 11 G Llog^L(S"' satisfying (11.61) . Then Hq and 
Dm (m G r) defined above satisfy the following properties: 

(i) fsn-iDmda = 0, ||r2m||Li(S"-i) < 2 and ||llm||i 2 (sn-i) < C2‘^'^, where C = C{n) is 
independent of m; 

(ii) fgn-i Dgda = 0 and Dq G 

(iii) Emgr™ll^llLi(E^) ^ l|S^llLlog+L(S-i)- 

We define measure by 


* fix) = [ 

J23<\y\<2i+^ 


Dmiy) 


fix 


y)dy 


for j G Z and m G {0} (J F. Then we have the following pointwise estimate 

X[N^{Sr^f)ix)]^/^ < ^(^|[( 5 o - 4 ) * 4 +J 

s>0 k 

+ * fix)\Y^^ 

s>0 mGF k 

+ E IIS2|li>(E») E^F’/W' 

s>0 mgr s>0 


We are reduced to establish estimate of ||Gi™VllLP(R") as sharp as possible so that we are able 
to sum up over s > 0 and m G {0} |J F. Let us start with the case m G F. We first prove a rapid 
decay estimate of ||Gi™'VllL 2 (Rn). 

For m G F, Al-Salman and Pan [2j proved that 

< C'min{||llm||l,l(S'*-l)) ll^2m||L2(S"-l)[2^|Cl]~^^^> ll^m||Ll(S’^-l)^*l?l}' 


By (i) of Lemma 12.81 and interpolation, we have 

(2.15) |i2^)(OI<Cmin{[2*|C|]-^,2^|C|}. 
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It is trivial that |(1 — ^ IC|}- To dominate ||Gi™'VllL2(E'i)5 we use above two 

estimates and get 


k 


ok<_L- 
^ -2^iei 

< 2 “^'' + 23 ^( 2 “^ - 2 “^^) 




<2'=<i 


2 ^> — 
-1^1 


2 2s 

C2, 3^ 2 3m . 


2 

3m 


Plancherel’s theorem implies that 


(2.16) ||Gi”*VllL2(R") < C'23m2 3m ||/||^2(R„). 

To proceed with the estimate of ||G'i”^VllLP(R")! we need three well known or easily checked 
lemmas below, which will be used in the following proof. 

Lemma 2.9. ([21 p. 157]) Let {aj}j^z be a sequence of finite Borel measures. Suppose that there 
are 7 G (0,1] and po G (2, 00) such that 

(i) ||o-j|| < C; 

(ii) |a,(OI <Cmin{|2^'C|M2^e|-n; 

(iii) 

Then, for p G {Pq,Po), there exists a constant Cp such that 


where 


OLp — 


(i _ ±)/(l 

»o 7 / V 2 

fi _ 4-)/(i 



p>2, 

p<2. 


Lemma 2.10. f [T3l p.544]) Suppose that {aj}j,=z is a sequence of finite Borel measures. If the 

maximal operator cr*{f) = sup \\(Tj\ * f \ is bounded on LP° for 1 < po < 00 , then 

3 


3 3 

where p satisfies ^ ^ depends on the norm of a*. 

Lemma 2.11. Let a > 1, t G (0,1] and 9 G (0, Ij. Then t^a?^^ < Caft{aP^ — 1). 
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Now we estimate For 1 < p < oo and p ^ 2, there exists a 9i £ (0,1) and 

1 < Pi < oo such that 1/p = (1 — 0i)/pi + 0i/2. For hxed pi, we choose po G (2, cx)) such that 
Pi G (Po,Po)- Further, choose p 2 G (l,oo) so that l/(2p2) = |l/2 — l/po|- It is trivial that 

||(io - >l>t)*Y:\\\ < 2||>'1”>II < C||n„||i.,s.-.) < c. 

On the other hand, note that s > 0 and m > 1, 

|[(5o - 4) * < Cmin{l, |2^C|}min{|2"+^e|, 1, |2^+4r^} 

<Cmin{|2"C|,l,|2"er^} 

< C*min{|2^.^| 3m ^ |2^^| 3m 

By the boundedness of maximal function with rough kernel (see 0) and Lemma [2.8l we have 

II SUp||[(5o - 4) * 4+l]l */|ILp 2 (Kn) ^ C'p 2 ll^^m||Ll(S"-i)ll/lliJ’ 2 (Rn) < <^^2 11/4^2(8^), 

which, together with Lemma 12.101 and Lemma 12.91 implies 

l|Gi”>/llLn(.») = IK E |l(«0 - M • /f)"''"llin(I<«) 

k 

“Pl / 2 3m -|- 1 \ 

(2-17) < Cpj2 3m I — - J ||/||x,Pl(]Rn) 

V2-3;^ - 1/ 

2 3m \ 

—SH- II/IIlpi(R") 

2 ^ - 1/ 

the last inequality was obtained by Lemma 12.111 with a = 2~3~, 0 = 1 and t = 1/m. 

Now by interpolation between (|2.16p and (12.171) . we obtain 

Applying Lemma 12.111 with a = 23, 0 = 0-^ and t = 1/m, we conclude that 

II J;g(™)/|Up(m.) < OX”'^2& ^2-fe||/||iP(K„) 

s>0 s>0 

291 

T n 2 3m 

< Cpm^- -||/||lp(E") < C'pm||/4p(Kn). 

2 3m — 1 

In the same way, we can deal with for s > 0 and obtain 

II X/^II/IIlp(R'‘) < C'pII/IIlp(R'*)- 

s>0 



s>0 
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Finally, using Lemma ESI we get 

s>0 rriEF s>0 

< Cp[l + ^ m\\il\\ii(^Em)] II/IIlp(K") ^ C'p[l + ||fl||iiog+ 

tuGF 


Estimate of (12.7p for i = 2. Similarly, we have the following pointwise estimate 

- \MLHEn.){'^yk * i^y]] * fix)\y^^ 

l<0 k /<0 mEr k 

:=Y,Of>f{x) + ^ ||Si||i.,E„, J;G,'”VW. 

l<0 mgr l<0 

For m gT and I < 0, we first estimate the bounds of f. Note that \^{C)\ < 2x{|^|<4}(0- 
By Plancherel’s theorem and (I2.15jl . 

iig|’"*/iil.(i..) < ii/iil»(.»)sup( j^|0(2*olV'<^>(2'+‘e)f)'''" 

? k 

<C||/||^2(K„)Sup( (2'+"|^|)2)'/2<C2'||/||^2(Kn). 

Next, we consider ||g[™V||lp(R")) where p is that in case i = 3. Obviously, we have 

||(/>fc*4+lll < Cl and \[(j)k*i^yyiO\ < C'min{|2*^^|, |2^^|"^}. 

In the same way, || sup;. \ \4>k * z^i+ll * /III LP2 (R") — cii/iup2(r.). The following inequality is a 
consequence of Lemma 12.91 and Lemma 12.101 

(2-18) ||g[ V||lpi(R") < C'pJ|/||x,Pi(Rn). 

Interpolating between above estimate and estimate, and summing over I, we get 

^C'p^2^1^||/|Up(Kn) <Cp||/||z.P(Rn). 

KO KO 

The quantity || Fli<o C^['^V||lp(R'‘) can be treated in the same way. Finally, using Lemma [T8l we 
get 

iiA[ivf (=^^/)]^/^iiiP(Rn) < II ^ g[°Viilp(R'i) + ^ ii^iili(e^)Ii y~l Gy f\\LP(R^) 

l<0 mgr l<0 

< Cp[l + ||f2||p^j^g+ X,(Sn-l)]||/||LP(Kn). 
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3 Proof of Theorem 11.5 


By Lemma l2.11 to show Theorem 11.51 it suffices to prove the following two propositions. 


Proposition 3.1. Let T be given as in n satisfies lil.6]) and for some 


a > O.Then for <p< 


2(l+a)(2a+l) 


(3.1) 


I|a0v^TOIIlp(m") 




uniformly in X > 0. 

Proposition 3.2. Let T and Ll he given as in Proposition but with a > 1. Then for (3 + 
«)/(! + a) < p < (3 + a)/2, we have 


(3-2) ll'S'2(T/)|hp(Rn) < CpWfWlpfJ^ny 

3.1 Proof of Proposition ITT] 

We use again Fourier transform and square function estimates. Note that in the present case, 
the Fourier transform of the measure n defined at the beginning of Section 2 has logarithmic 
decay (see (9) in [E]), which is better than the case Q € L log"*" L(S”“^), but worse than the 
case P € L’'(S"'“^) (r > 1). Some estimates from |14j and m are taken for granted here. Let us 
start the proof. 

Let measure uj and operator T 2 k be dehned as in the proof of Lemma [2.6l with P € ^„(S"'“^). 
Let (/) be a Schwartz function such that = 1 for |^| < 2 and 4>{f,) = 0 for |^| > 4. We have 
the following decomposition 


T2kf = 4>k* Tnf i^k+i * f + - 4>k) * Vk+s * / 

KO s>0 

■.= Tlf -Tlf + Tlf, 


where fik satisfies fikif.) = <?^(2^C) (5o is the Dirac measure at 0. denotes the family 

{Ifc/lfcGZ for f = 1, 2, 3. Clearly, we need to prove the inequalities below 


(3.3) 


l|A[iV^"/3(=^7)]'/'llLP(R") < Cp||/7p(r.), i = 1,2,3, 


for 


(2a+l)(l+a) 

2o^+a+l/2 


<p < 


2 (l+a)( 2 a+l) 

4a-\-l 


The case f = 1 of estimate (|3.3p is just a combination of Lemma 12.71 and Theorem 1 in |14j . 


< CpWTnfhnRr.) < Cp||/ 7 p(m.) 












Jump and variational inequalities 


23 


for all (2 + 2 a )/(I + 2 a) < p < 2 + 2a. 

Next, we consider the case i = 3 of estimate (|3.3[) . For ^ 2 a^+a+i ^2 <P < , there 

are dp G { 2 a+i ’ ^ (f+lo ’ ^ 

1 _ dp I-Op 
p 2 Pi ' 

The following known result can be found in [HI p.80] and [HI p.461], 

(3.4) ||Gs/||i 2 (Kn) < (7(1 + s) “ ^'^^||/||l 2 (R")! s > 0, 

where 

Gsf{x) = (X] iK'^o “ ^k) * Vk+s] * 
k 

Note that |((5o — </>)^(0l ^ I?|}) |z^s(OI ^ G, 124(01 ^ when |2^^| < 2 and 

|z4(0l ^ (7(ln |2^^|)“^““ when |2^^| > 2. Then we get 

ir(A ia/.m ^ for| 2 '=e|< 2 , 

|[( 0 (j)k)*^k+s] (01 - I C'(in| 2 ^^|)-i-", for | 2 ^C| > 2 , 

uniformly in s > 0. Similarly, for 1 < p 2 < oo 

||SUP||[(50 - 4>k) * I'k+sW * f\\\LP 2 (Rn) < G\\f\\LP 2 (Rr,y 

k 

By using the same argument in |16l p.461] or [141 p.77], we have uniformly in s > 0 

I|G's/IIi,pi(K") < C’pi ll/lll,Pi(R")) 
which, interpolated with (j3.4p . implies 

||Gs/||LP(Rn) < (7p(l + s) ||/||lp(R'i)- 

Finally, we sum the above estimates over s > 0 and get 

||A[iV^(^^/)]^/^||x,p(Kn) < ^ ||Gs/||ip(Rn) < (7p^(l + s) < Gp\\f\\Lp(J^ny 

s>0 s>0 

The case i = 2 of estimate (|3.3p can be treated similarly. For / < 0, we set 

Gif{x) = {'^\[(j)k* i^k+i] * fix)\‘^y^‘^- 

k 

Note that cj) vanishes for |^| < 2 and I < 0. Using above estimates of Hg, we have 

^|^(2^0|^|i>(2'^^0|^ < (2'+'=|e|)02^|e|)“^+ 2(2'+^|e|)2 < C22^ 




2'=<^ 
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Then, \\Gif\\L 2 (^^r.j < C'2'||/||i2(Rn). ||Gi/||iPi(Kn) < G||/||iPi(Kn) can be proved as (|2.18p. Inter¬ 
polating and summing over I < 0, 

^ ^ l|Gi/||LP(Kn) < ^ 2®P^||/||ip(Rn) < Cp\\f\\Lp(^n') 

l<0 l <0 

for 1 < p < oo. 

3.2 Proof of Proposition 13.21 

In the present case, the rotation method seems not to work. Instead we appeal to the vector¬ 
valued singular integral operator theory. That the underlying kernel is rough brings a lot of trou¬ 
ble, but homogeneity of the kernel is taken advantage of in getting L^-estimate and Hormander 
condition. Let us start the proof. 

For t G [1,2], we dehne i'o,t as 

1^0,t(x) — X{t<lxl<2}(x) 

and = 2-^^iyo,t(2-^x) for j G Z. For k G Z, we define fc/ by ^j,kf(0 = 

where is a Schwartz function such that supp (ip) C {1/2 < j^j < 2} and ~ ^ 

all ^ G M"" \ {0}. Observe that V 2 j(T/)(x) is just the strong 2-variation function of the family 
{^j,t * /(a^)}te[i, 2 ], hence 

S2{Tf){x) = ( 5 ]|P 2 ,,(r/)(x)| 2 )" ^ ( j;||{r.,-i*/(x)}ie[i,2]ll^,)" 

jez jez 

^ E ( E * ^j,kf{x)}teli,2] fv,) " ■■= E S2,k{Tf){x). 

k£Z jez kez 

The desired estimate ()3.2p will follow from the following two estimates by interpolation and 
summation over k, 

(3.5) ||52,fc(r/)|k2(K„) <C(l + |fe|)-^||/||i2(K™) 
and 

(3.6) ||5'2,fc(7”/)||iP(Kn) < Gp(l-|-|A:|)||/||/,p(]Rn), 
for all 1 < p < oo 

To deal with (13.5p . we borrow the fact ||a||v ^2 ^ II‘^IIl 2 ^lk^llL 2 ^) where o' = {-^at ■ t G M}. It is 
a special case of (39) in [25]. Then, 

[5'2,fc(T/)(x)]2 < Wuj^t * ^i,fc/(a;)||L2([i 2])II^Kt * ^i.fc/(a;)]|lL2([i,2])- 
jez 
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By Cauchy-Schwarz inequality, we have 


||5'2,fc(T/)||^2(Kn) < I ( \Wj,t*^j,kf\\'j,^([-l.2]) 

j£Z 


1/2 


L 2 (K")I 


d 


E iisi-'jv'fM/iii 


jez 


hiJJ]) 


1/2 


L 2 (Kri) 


ln(| 2 ^'^|)-i-" if 2^'|^|>2 

2 l\^\ if 2^'|^|<2 ’ 


To deal with the Hrst term on the right-hand side, we need the following estimates 
(3.7) 

uniformly in t £ [1)2], which have been essentially proved in |16j . By Plancherel’s theorem, 


yy * ^i)fc/llL2([l,2]) 

iez 


1/2 2 _ r2 



< 0(1 + |A;|)-2(^+")lltll? 


0 - 


In order to treat the second term, we need an elementary fact. That is, for any Schwartz 
function h, 

(3.8) . /iD^Oi < c||n||i.,s„-.||/!(0| 

uniformly in t £ [1,2]. Indeed, by spherical coordinate transformation, a trivial calculation shows 


n(y') 


^[vj t * h{x)] = - 7 - / 

do dt[j2jt<\y\<2i+^ \y\ 


h(x - y)dy 


A 

dt 


[ ^{y') 

JS"-1 


r2^+^ 


’ 2 H r 


h(x — ry')drda(y') 


= -f 

t 

Note that t £ [1,2], 


n{y')h(x - 2Hy)da(y'). 


l(4Kt*^])^(6l < C*! / e / VL{y')h(x-2Hy)da(y')dx\ 

<C f |fl(y')|| f e~‘^'^'^^'^h(x — 2Hy')dx\da(y') 
<C'||0||7i(s.-i)|h(0|. 

By Plancherel’s theorem and (|3.8p . we have 


d 




j&Z 






< 


Cj; / W(2^-^i)f{i)?di<c\\f\\l,^^^y 


jez' 


Then we get estimate (|3.5p . 
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To achieve the estimate (1,3.6|) , we use the vector-valued singular integral theory for convolution 
operators. For t G [1,2] and j G Z, we define Kk{x) = {vj^t * ^j-kix)}j,t, where (pj-k{y) = 
2 n(fc-j)^|' 2 fc-iy) takes value in the Banach space 

B = {a{j,t) : \\a\\B := < oo}. 

j 

Obviously, S 2 ,k{Tf) = \\Kk*f\\B- By the vector-valued singular integral operator theory, we 
have the L'p estimates 

\\S2,k{Tf)\\LP{R^) < Cp{Mk + .A^fc)||/||LP(M>i), 1 < p < OO, 

where Mk = (1 -|- is the L^-bound in (j.S.,5|) and Nk is any upper bound for 


sup / \\Kkix - y) - Kk{x)\\Bdx. 
y€R^ J\x\>2\y\ 


To get the desired upper bound C(1 -|- |A;|) for above integral, we need the following facts 


and 


Therefore, 


'hl>2|y| 

r-2 

SE 


\\a\\B E 

^{’^j,t*^j-k){x) = ^ 

Kk{x -y) - Kk{x)\\Bdx 
d 


^{y') 


ifj-k{x - 2Hy')da{y'). 


1 J|a;|>2|y| 


dt 


(i/j-1 * ifj-k) - y) - ^ * ^j-k) (^) 


dxdt 


< 




J “'|a:|>2|j/| 

To complete the proof, it suffices to show 


\g>j-k{x — y — 2Hu') — (pj-k{x — 2Hu')\dxda{u')dt. 


/ \(pj_k{x - y-2Hu') - (pj_k{x-2Hu')\dx <C{l + \k\) 
^ J\x\>2\y\ 


uniformly in A:, t and u'. Without loss of generality, we assume t = 1 and u' = 1. For any fixed 
?/ G M” and k € Z, we divide the sum into two parts I := '^ 2 ;j+~^<\y\ •“ Yli 2 i+~^>\y\- 
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the first part, we treat it as follows 


X] [ oil l^(^~ 

2i+i<|y| 


2J- 


< 2 V / 


< 2 


\(f{x)\dx<2f |(^(x)|[ V l]da 

J\x\>2'‘ ^U. . 

[ \^{x)\log ^j^dx < C. 

J\x\>2^ 2 




'\x\>2^ 

For the second part, we use the mean value theorem 


E 


I Mx- ^^^ ^ )-(f{x-2^1)\dx 


<C ^ min{l,2*^ ^|?/|} < (7(1 + |/i;|). 

2J+l>|y| 


This completes the proof of (j3.6p . 


4 Proof of Theorem 11.8 

As in the proof of Theorem 11.21 to show Theorem ll.Sf il. it suffices to prove dyadic A-jump 
estimate and short 2-variation estimate respectively. Also in the course of proving strong q- 
variation estimate {q > 2) by the rotation method, we can get short 2-estimate. Let us start 
with the dyadic A-jump estimate. 

Proposition 4.1. Let n G or L{log+L)^/^{S^-^). Then 

(4-1) 11-^ ^\i-^f)\\LP{R^) < C'pII/||lp(]R")) 1 < p < oo, 

uniformly in X > 0. 

Proof. We assume fl satisfies the cancelation condition (jl.Op . Otherwise, we write 

n{x') = [11(3:')- — [ Pt{y')da{y')] H- [ n{y')da{y') 

^n-l JS"-l ^n-1 Js'i-l 

:= Llo{x) + C{Q, n), 

where tOn-i denotes the area of S”“^. Thus, 

^^tf{x) = ^[ Llo{y')f{x-y)dy+ C{Ll,n)^ [ f{x-y)dy. 
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(14.ip has been established in [22] with 0 = 1. Define (T 2 k{y) = 2 then 

M 2 kf = cr 2 k * /. The pointwise domination 


(4.2) X^NtiMf) = X^N,,{{M2kf}k) <Y.\f * 

k 


reduces the desired estimate to 


(4-3) ll(^^ 1/* ^ CpII/IIlp(R")) 

k 

(14.3p can be showed in the similar way as that in [TOl p.597] for 0 € and [H p.698] 

for O G L(log“’'We omit those details for simplicity. □ 


Remark 4.2. The square function having appeared in the proof of Proposition \4-l\ is actually 
a discrete analogue of the Marcinkiewicz integral with rough kernels. In Walsh proved that 
Marcinkiewicz integrals may not he I?(W^)-hounded if the kernel 0 G L(log''' for 
0 < e < 1/2. Hence it is hopeless to obtain (EZP hy using the pointwise domination with 

n G 

To apply the rotation method, we need the following result in one dimension. 


Lemma 4.3. Let = {Tlt}t>o with Tit defined as 

^tf{x) = ^ [ fix- s)s'^~^ds. 
^ Jo 

Then for 1 < p < oo. 


\\X'/n>^^J)\\lp{m.) < C'pII/IIlp(r)) 

uniformly in X > 0. RTience < Cp\\f\\ip(^'j for q > 2 and 1 < p < oo. 

Proof. Note that Tltf{x) = gt * fix), where Utis) = jhij) gis) = X{o<s<i}('S)s”“^. Van 
der Corput’s lemma implies that 


\m\ < 




<qer'. 


By Theorem 1.1 in [25] . we obtain the following dyadic A-jump inequality 


uniformly in A > 0. Further, by Lemma 6.1 of |25] . we get the L^ boundedness of the short 
2-variation operator 


(4.4) 


\\S2i^ /)||lp(R) < C'pI|/||lp(R)) 1 < p < oo. 
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Above two estimates and Lemma [2A] imply our desired A-jump inequality. Clearly, the g-variation 
inequality is a trivial consequence of Lemma 11.11 □ 

Finally, let us turn to the proof of Theorem 11.81 

Proof. We first prove Theorem ll.Sl iil by using the rotation method applied in Section 2. We 
define another family of averaging operators with 

Mlf{x) = ^ / f{x- sl)s^-^ds, 

^ Jo 

where 1 = (1,0, • • • ,0). Recall the rotation of a function is defined as {Raf){x) = f{crx). Then, 
we have 

Mtf{x)=[ f f{x-sy')s'^~^dsda{y')= [ R^f){x)n{al)da. 

Jsn-I t Jq JsO{n) 

Using Minkowski’s inequality and Proposition 14.31 we get for 1 < p < oo 

\\Vg{Mf)\\LP(R^) < [ \\R^-iVg{M^R^f)\\Lr(Mr.)Mal)\da < Cp\\f\\LP(Rny 
JsO(n) 

By Lemma l2.II and Proposition 14.11 our desired result Theorem II.Sf il follows from 

||5'2(Af/)||iP(Rn) < Cp\\f\\lp(^np 

which is consequence of (14.4p by rotation method. □ 
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